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ABSTRACT 

The article proposes a mathematical model of the interaction of work performed in an organization at the 

same time and using common resources. The purpose of the study is the creation of tools with which the 

decision maker can qualitatively assess the physical ability to execute his orders. As a working hypothesis, it 

is assumed that the process of performing work is a saturation process, therefore its basic description can be 

given in the form of a logistic function. Simultaneous performance of work implies their possible influence 

on each other, manifested in the form of a struggle for common resources. The construction of a 

mathematical model was associated with the solution of the following problems: selection of a mathematical 

apparatus that would allow us to evaluate the very possibility of convergence of the described process and 

present the results at the level of not quantitative but qualitative assessments; identification of the main 

significant characteristics of the process; with the semantic content of the parameters of the dimensionless 

model; with an adequate interpretation of the results obtained during the simulation. The empirical material 

was twenty-year observations of the organization of the managerial process in a higher educational 

institution, which made it possible to identify a number of factors affecting the quality of management. The 

model is a system of differential equations, the analysis of which is carried out on the basis of the qualitative 

theory of differential equations, and allows you to evaluate the qualitative effects that arise when performing 

a set of works taking into account the level of control available in the organization. On the basis of the basic 

model, all possible combinations of the agreed limitations in the interaction of the work were considered, as 

a result of which twelve modifications were constructed. For each model, an analysis of singular points was 

carried out, and the conditions for the appearance of attractors were revealed. Based on the results of the 

analysis, recommendations are formulated to help the leader in developing management in solving 

simultaneous multi-process tasks. The field of research was the sphere of development, managerial decision 

making and their implementation in a hierarchical organization. Further studies are related to studying the 

possibilities of increasing the dimensionality of the model and taking into account the factor of employee 

interest in it, which in the future will lead to the formation of motivation, modeling the enthusiasm of 

executives and managers, as well as growth points in the organization. 

Keywords: managerial decision, qualitative theory of differential equations, attractor, phase portrait, 

dynamical system, singular point, logistic equation, soft modeling 

 

1. INTRODUCTION 

It is known that the more complex the socio-economic 

system (not the army), the more connections it has, 

objective and subjective, the more difficult it is to 

manage. There is a threshold for effective management of 

such a system, the definition of which is a non-trivial task. 

This problem can be partially solved thanks to the tools 

offered by modern interdisciplinary approaches in General 

and mathematical modeling. Analysis of the behavior of 

socio-economic systems based on modeling allows us to 

avoid possible destructive consequences of a full-scale 

experiment associated with the irreversibility of processes 

occurring in such systems; to justify the feasibility of 
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reorganization and restructuring of management objects 

and minimize the associated costs; to identify bottlenecks 

in the mechanisms of formation of socio-economic 

systems in the selected areas of economic activity and 

management, to build the best management technologies 

in the sense of the set criteria, as well as to solve an 

impressive number of other equally important tasks. 

Management science has always attracted the attention of 

scientists, researchers, and practitioners [1, 2]. Attempts to 

fully share human experience in the management of socio-

economic systems continue to this day. The need for an 

adequate description and analysis of ongoing processes 

gave rise to the concept of a system approach, which 

formed a request for appropriate tools [3, 4]. At the 

present stage of society's development, only mathematics 

can provide such tools. The well-known saying of Karl 

Marx that science only reaches perfection when it begins 

to use mathematics is widely confirmed in practice in 

relation to management [5, 6, 7]. 

Since quantitative analysis among management 

representatives often makes it difficult to get a correct 

idea of the state of the system, it is useful to use 

qualitative assessments for development and decision-

making. Qualitative assessments are clear, and they are 

also good in that they allow you to build strategic 

trajectories of the organization's development. 

The most important feature of a dynamic system is the 

variability of its state over time [7, 8]. The decision-maker 

must understand how the decision made today will affect 

the development of the organization in the future and over 

a certain period of time. Very useful approaches to these 

issues have been proposed by well-known scientists in the 

field of management [4, 9, 10]. However, General 

recommendations always require careful operational 

elaboration, since a specific management decision is 

developed and made in a specific organization, located in 

a specific environment. Therefore, it is very important to 

give management a tool that provides a qualitative level of 

rational justification for the development and decision-

making. This goal is best served by a research area known 

as soft modeling. In the Humanities, in particular, in the 

socio-economic sphere, in contrast to exact disciplines, 

where the laws that determine the course of the studied 

phenomena are known, which allows them to be described 

fairly accurately in formal language, it is often important 

to test certain hypotheses. This usually focuses on 

qualitative effects. Such models can play the role of 

simple objects that demonstrate the desired quality 

behavior. Therefore, when soft modeling of various 

phenomena in Economics, medicine, and the analysis of 

natural and man-made disasters, the tools of disaster 

theory, the theory of dynamical systems on the plane, and 

one-dimensional maps are widely used. In addition, well-

known nonlinear models that have appeared in one area 

can sometimes be used as a kind of blocks in other 

disciplines [5]. 

The authors propose a model of interaction of work 

performed in the organization simultaneously and using 

shared resources. The model is based on the principles of 

"soft modeling", it is a system of differential equations, 

the behavior of which is analyzed based on the qualitative 

theory of differential equations. The scientific novelty 

consists in the application of nonlinear dynamics methods 

to the description of the work performance process in the 

organization. The theoretical significance of the model is 

that it makes it possible to consider the role of the 

performer in the implementation of the decision. 

2. METHODOLOGY 

The basis for qualitative analysis of the behavior of a 

dynamical system is the qualitative theory of differential 

equations, which allows us to evaluate the solutions of the 

system model without finding them explicitly. The main 

ideas of this theory were laid down by A. Poincare and A. 

A. Andronov at the turn of the XIX-XX centuries and 

subsequently developed by their followers in the field of 

differential equations and system analysis. The basic 

concepts of the theory are related to special points (rest 

points, stationary points) of the system, phase portraits of 

the solution of the system, with the qualities that they may 

possess, and with those judgments about the behavior and 

state of the system that can be made on the basis of the 

detection of certain qualities. Let us have an arbitrary 

linear system on the plane: 
222 :,, RRARxAxx 

, (1) 

for which 21, 
- the roots of the characteristic equation. 

The classification of the types of singular points of such a 

system is known [5, 8]. 

The concept of equilibrium positions, or stationarity, is 

extremely important for getting an idea of the behavior of 

the system, because their presence distinguishes special 

zones in the field of phase velocity, which is "a local law 

of evolution of the process, and the theory of ordinary 

differential equations should, knowing this local law of 

evolution, recall the past and predict the future" [8]. These 

special zones are closely related to the concept of process 

stability, and the definition of their quality in the sense of 

stability/instability allows us to talk about the possibility 

of predicting and building a forecast of the system 

behavior. For a system of two linear differential equations, 

it is easy to see that the coefficients of the characteristic 

polynomial of the system are completely determined by 

the matrix of its operator. The classification of the roots of 

the characteristic equation constructed in this way is 

schematically presented in the figure. Based on the above 

diagram, you can determine the type of special point of 

the system and relate it to the purpose of the study by 

obtaining formal dependencies of parameters in the 

model. 

In the General case of describing a system, nonlinear 

differential equations arise. To study them, a linearization 

process is performed in the vicinity of special points. 

Linearization is the rejection of nonlinear terms in the 
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Taylor decomposition obtained in the vicinity of a 

singular point. Conclusions about the behavior of the 

system in the vicinity of a particular point are made on the 

basis of the stability principle of the linearized system. 

The study was conducted for more than 20 years at a 

higher educational institution - the State University of 

management. The main interest was in ways to organize 

the management process in combination with the 

management style chosen by each new management team. 

There were 6 such teams, and 5 of them changed over the 

last 10 years. 

3. DISCUSSION 

Mathematical modeling is increasingly penetrating the 

Humanities and forces researchers to create synthetic 

approaches to solving problems in systems of great 

complexity, where people are important elements and 

sources of uncertainty. A review of the application of 

mathematical models has shown their growing relevance 

in describing nonlinear processes in socio-economic and 

biological systems [5, 11-14]. The ideology of soft 

modeling is actively used in describing economic 

processes [15, 16], in describing decision-making 

processes [17-20], in describing the evolution of systems 

[21, 22], in describing the behavior of groups of people 

[23, 24], in describing information transfer processes [25]. 

Today is the time of interdisciplinary, so each model built 

on the fundamental tools of modern mathematics and 

describing the behavior of a complex system, as a rule, 

has no analogues and can be considered as a pioneer. For 

example, in [15], the classical ecological model was 

transferred to the "consumer-resource" space, and in [18], 

multi-agent modeling is used for decision-making. The 

variety of combinations of methods and approaches makes 

each model unique, so questions of comparing the quality 

and adequacy of models make sense only in the context of 

simulated situations. 

4. RESULTS 

Increasing information volumes and accelerating the pace 

of life creates the need for rapid response to changes in 

the activities of any organization. The effectiveness of 

such a response depends directly on the quality of 

decisions made in the organization. It is very often 

necessary to perform several tasks simultaneously.  

Then the work can interfere with each other, which leads 

to external interference. This is usually due to the struggle 

for a resource. But interference can also be internal. The 

nature of these hindrances lies, on the one hand, in the 

organization of the management process in the system, on 

the other hand-in the "quality" of the performers. 

Let the system generate an order that must be completed 

by a certain deadline. We will consider the order 

execution process as a transition process between two 

system modes: the initial mode - the order is received, but 

it has not yet been executed, and the final mode – the 

order is executed. 

The dynamics of this process are well described by the 

logistics function 
2xxx  

 (2) 

where x  - the amount of work that needs to be done 

within the framework of the task presented,   - the 

productivity with which the work is performed, 0 , 


- the coefficient of "internal interference", reflecting 

the impact of the need to make 

clarifications/clarification/approval for this work, 
0

. 

The Logistics function has two special points: 0x  and 




x

. The presence of these points and the appearance 

of the logistics curve allow us to build an analogy with the 

described process. 

In the case when everything is clear and no agreement is 

needed (
0

), the logistic equation turns into the 

Malthus equation 

xx   (3) 

The solution of which is an exponential function. In this 

case, the solution is executed on time and at the 

appropriate level only by selecting the performance 

indicator 0  . Based on this model, with a known 

amount of work and known deadlines, you can estimate 

the first approximation of the productivity that the 

performer should work with. But, as noted above, there 

may be interference of various nature when performing 

work. The models presented below assume that such 

interference exists. 

Consider internal interference. A reasonable Manager 

understands that in order to ensure high-quality execution 

of the order, the performer must have sufficient time and 

sufficient forces/capabilities/abilities [10]. Therefore, a 

reasonable Manager has an ideal model for executing his 

order: 
2xxx idealideal  

 (4) 

where 
ideal  is the ideal performance with which the 

work is performed, 
ideal

is the ideal coefficient that 

reflects the acceptable level of deviations from the 

performance of work for 

clarification/clarification/approval. At the same time 

ideal

ideal

Т

1
~

 
The higher the performance indicator of the   for a fixed 


, the steeper the logistics curve, and the faster the 
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system will move from the initial state to the desired one 

(in the context of executing an order). 

The higher the 


 deviation rate for a fixed   , the lower 

the horizontal asymptote of the logistics curve is. This 

means that the system will not reach the specified level of 

order execution, especially on time. 

As a result, in the logistic description of the solution 

implementation process, we have the following: at 

ideal

ideal










, the solution will be executed at the 

required level, but depending on the relationship of the 

model parameters to the ideal parameters , either exactly 

on time 
idealT , or before the deadline, or later; at 

ideal

ideal










, the desired level of execution is not 

achievable. 

Now consider the external interference. As noted above, 

resource constraints within the system can lead to 

competition for resources. To describe such "competition" 

in soft models, a summand of the form is usually used 
xy

 , where x , 
y

- the amount of work to be done in 

the framework of the task presented, 


 - the coefficient 

of interaction of these works [5]. 

Our task is to make recommendations to managers on 

reasonable approaches to developing management 

decisions in terms of implementing a set of works/projects 

that require simultaneous completion of two works based 

on the results of considering all possible combinations of 

external and internal obstacles that affect the intensity of 

the task. It is obvious that the concept of "two jobs" can 

be interpreted very broadly and is determined by the 

degree of aggregation of tasks. All models are described 

further in the terms entered above. 

The interaction model is a global view of the behavior of a 

set of objects, whereas the state model is a reduced 

representation of the individual behavior of objects. To 

fully describe the behavior, you need both models. They 

complement each other, allowing you to view behavior 

from two different perspectives. Interactions can be 

modeled at different levels of abstraction. At the highest 

level, the system's interaction with external actors is 

described by use cases. Each use case describes an 

element of functionality provided by the system to its 

users. Use cases are useful for representing informal 

requirements in the model. 

The practice has developed a number of approaches to 

conducting organizational analysis, but the most 

widespread is the engineering approach. Organizational 

analysis of the company with this approach is carried out 

according to a certain scheme using the full business 

model of the company. The company is considered as a 

target, open, socio-economic system that belongs to a 

hierarchical set of open external subsystems (market, 

government agencies, etc.) and internal subsystems 

(departments, workshops, teams, etc.). The company's 

capabilities are determined by the characteristics of its 

structural divisions and the organization of their 

interaction. 

Obviously, there must be at least two participants in the 

process to fight for the resource. In General, the model of 

interaction between the two works looks like this: 











,

,

2

2

xyyyy

xyxxx









 (5) 

where x , 
y

 - the amount of work to be done in the 

framework of the task presented;  ,   - the 

performance with which the work is performed with the 

volumes x , 
y

 , respectively, 0 , 0 ; 


,   - 

the coefficients of "internal interference", 
0

, 

0 , 


, 


 - the coefficients of "external 

interference" (the sign of the coefficients can be any). 

Our task is to make recommendations to managers on 

reasonable approaches to developing management 

decisions in terms of implementing a set of works/projects 

that require simultaneous completion of two works based 

on the results of considering all possible combinations of 

external and internal obstacles that affect the intensity of 

the task. It is obvious that the concept of "two jobs" can 

be interpreted very broadly and is determined by the 

degree of aggregation of tasks. All models are described 

further in the terms entered above. 

 

Model 1 

Let there be simultaneous separate performance of two 

works that do not interfere with each other. For example, 

these are different jobs and they are performed by 

different people. Execution processes do not overlap. The 

performance of the work is determined only by 

performance and "internal interference" caused by the 

need to clarify/clarify/agree on this work. 

It is assumed that time and resources are sufficient, so the 

work is equally high-quality, but can be performed both in 

parallel and sequentially: 











.

,

2

2

yyy

xxx









 (6) 

The system has a single attractor-a point 

















;

. The 

coordinates of this point consist of stable values of each of 

the logistic equations included in the system. Since both 

equations tend to their stable state, it can be argued that in 

the organization of work described in the model, the work 

will be completed on time and at the required level, which 

means timely and high-quality performance of the overall 

task. 
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Model 2 

Now let the work interfere with each other, because they 

require only one thing-the temporary use of a resource. At 

the same time, none of the work performed receives a 

prize in the resource at the expense of the other work. For 

example, a single performer performs several types of 

work that must be done in a time interval that is not 

sufficient for their sequential execution: 









.

,

xyyy

xyxx









 (7) 

There are only two special points in the model: the trivial 

 0;0
 and 

















;

. None of these points is an 

attractor. A special point 

















;

 that corresponds to 

the performance of a common task that includes both 

tasks is of the "saddle"type. This means that the 

requirements for the overall task will not be fulfilled: both 

the deadlines and the quality of execution may be 

violated. 

 

Model 2A 

The work interferes with each other because it requires 

simultaneous use of a resource. In this case, one of the 

performed works gets a prize in the resource at the 

expense of the other work. For example, some performers 

are distracted from doing the work x  in favor of the 

execution of the work 
y

: 









.

,

xyyy

xyxx









 (8) 

There are two special points in the model: a trivial (0; 0) 

and a non-trivial 


















;

. None of these points is an 

attractor. A non-trivial special point of the 


















;

 is 

of the "saddle" type. 

 

Model 3 

Let the work interfere with each other, because they 

require simultaneous use of a resource. At the same time, 

none of the work performed receives a prize in the 

resource at the expense of the other work. In addition, 

when performing work, there are "internal hindrances" 

due to the need to make 

clarifications/clarification/approval for this work. 

Since we are interested in performing a set of works, the 

special points 
 0;0

, 













;0

, 









0;





, can be 

considered trivial. We should be interested in points 

where both coordinates are positive. 

This means that both jobs can be performed 

simultaneously. As the desired result, we are satisfied with 

a point 
























;

 provided that the 

numerators and denominator of the coordinates are 

positive. In this case, the solution of the system is stable 

and makes physical sense. The system has an attractor. 

This attractor is conditional because 





































































































0

0

0

(9) 

Conditions were obtained for the model's input 

parameters, the presence of which before the start of the 

complex of works will allow us to assert that the work 

will be completed on time and at the appropriate level. 

 

Model 3A 

Now let the work not only interfere with each other, 

because they require simultaneous use of a resource, but at 

the same time one of the performed works gets a gain in 

the resource at the expense of the other work. "Internal 

interference" still remains: 











.

,

2

2

xyyyy

xyxxx









 (10) 

The system has the same attractor as Model 3, but under a 

lighter condition: 








  0

. (11) 

Model 4 

Work gets in the way of each other because of the need 

for a shared resource. However, none of the performed 

works gets a prize in the resource at the expense of other 

work. One job doesn't have "internal hindrances", the 

other has them: 









.

,

2 xyyyy

xyxx









 (12) 

 There are no attractors in the system. 

 

Model 4A 
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In this modification of the model 4 work interferes with 

each other, and one of the performed jobs gets a gain in 

the resource at the expense of the other work. This work 

has "internal hindrances", the other does not: 









.

,

2 xyyyy

xyxx









 (13) 

A stable solution with a physical meaning – a nontrivial 

point-can occur in the system 








 








;

. The 

occurrence of such an attractor is provided by the 

following condition: 








  0

 (14) 
Model 4B 

Another modification of model 4 is obtained in the same 

assumptions as model 4A: work interferes with each 

other, and one of the performed works gains a resource at 

the expense of another work. But this is no work of 

"internal interference" in the work of donor they are: 









.

,

2 xyyyy

xyxx









 (15) 

The composition of special points in model 4B is 

determined uniquely – all points are unstable. It should be 

noted that the solutions of model 4B are either degenerate 

or do not make physical sense. 

 

Model 5 

Both jobs have "internal interference", one of the jobs 

loses its resource due to the fact that another job is 

performed by it. However, other work does not get any 

profit in the resource: 











.

,

2

2

xyyyy

xxx









 (16) 

A stable solution with a physical meaning – a nontrivial 

point-can occur in the system 








 








;

. The 

occurrence of such an attractor is provided by the 

following condition: 








  0

. (17) 

 

Model 5A 

The presented modification of model 5 has a limiting 

character: in it, the performance of both works is still 

hindered by "internal interference", but one of them gets a 

gain in the resource, although the other work does not lose 

anything in the resources. This is possible, for example, 

when the share of the resource being pulled is very small 

in comparison with the amount of the resource allocated 

to perform the work. Therefore, we can assume that there 

are no losses in the resource for other work: 











.

,

2

2

xyyyy

xxx









 (18) 

Despite the fact that the model describes a very specific 

situation, there is always an attractor in the system that 

has a physical meaning: 








 








;

. 

 

Model 6 

The model describes a situation when one job has internal 

interference and another has external interference. 

Moreover, the first job does not win in the resource: 









.

,2

xyyy

xxx









 (19) 

Since we are not interested in the type of trivial singular 

points, we can say that the set of singular points of model 

6 is uniquely defined. 

When the 









condition is met, a set of stable States 

occurs in the system, located on a line defined by the 

eigenvector of the system for the 
01 

. It is assumed 

that the equality of the ratio of the performance of work to 

the performance of interference for both works ensures 

that the task is completed with the specified 

characteristics. 

 

Model 6A 

The presented modification of model 6 is as extreme as 

model 5A: in it, there is a gain in the resource for one job 

at the expense of another job, and the first job does not 

lose anything in the resource, but only loses due to 

internal interference: 









.

,2

xyyy

xxx









 (20) 

There are two special points in the model, both trivial: (0; 

0) and 









0;





 - unstable node and saddle, respectively. 

5. CONCLUSION 

Based on the principles of soft modeling, mathematical 

models were constructed that describe the qualitative 

effects that occur when a complex of works is performed 

simultaneously in the conditions of shared resources. 
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Based on the results of the simulation, the following 

conclusion can be made. 

All the models presented have a trivial special point. In all 

models, this particular point is of the "unstable node" 

type, since it is assumed that both works are accepted for 

execution. 

Special points with a single zero coordinate that occur in 

the models were considered trivial, since we are interested 

in the fact that both works were performed. 

We considered the existence of a stable singular point 

with positive coordinates as a condition for the feasibility 

of the complex of works. 

Among the twelve models considered, the feasibility of 

the work package is possible in seven situations: model 1, 

model 3, model 3A, model 4A, model 5, model 5A, model 

6. 

In other cases, the workability is not guaranteed. This 

means that the management should avoid the situations 

described by models 2, 2A, 4, 4B, 6A, since the 

combination of the described factors will not under any 

circumstances lead to the desired result, and the complex 

of works will not be performed. 

Among the models with a positive outcome, only four 

models (model 1, model 3A, model 5A, model 6) give an 

unconditional result: they always have an attractor 

regardless of the ratio of evolutionary parameters. In the 

three remaining models (model 3, model 4A, and model 

5), the positive result is conditional, since certain 

parameter restrictions must be met to achieve it. 

The practical significance of the model is that it allows 

you to determine the possibility of compatibility of work 

without quantitative calculations in conditions of limited 

resources and at the existing level of management. 

Compatibility is defined as obtaining a result of a certain 

quality within a given time frame. 

Within the framework of the assumptions introduced in 

the construction of models, it can be argued that all the 

proposed combinations of factors that affect the intensity 

of the complex of works are a kind of reflection of the 

level of management in the organization. The issue of 

increasing the number of jobs in the model requires 

further research. According to the current state of Affairs 

in the field of qualitative theory of differential equations, 

we can only increase the number of papers to three, since 

there is a classification of singular points in three-

dimensional space [8]. The issue of employee motivation 

modeling was also left aside, since this is a separate large 

task that is primarily of great practical importance. 
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